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Abstrat
Our purpose is to present all stati solutions of the Goldstone model
on a irle in 1+1 dimensions with an antiperiodiity ondition imposed on
the salar elds. Jaobi ellipti and standard trigonometri funtions are
used to express the solutions found and stability analysis of the latter is
what follows. Classially stable quasi-topologial solitons are identied.
1 Introdution
The purpose of this note is to present the omplete list of stati lassial solu-
tions of the Goldstone model on a irle S1 of radius L and the orresponding
bifuration tree together with a study of the stability of our solutions. It omes
as a supplement to a previous note [1℄ whih was searhing for suh solutions
but with periodiity ondition imposed there. Many of the results have obvious
similarities with those in [1℄. We notie those and make omparisons with this
referene. We also hek the ase of mixed boundary onditions and plae a note
with our onlusions in the end. The following analysis has both mathematial
[8℄ and physial interest as it an be useful for the searh of stable solitons in
the two-Higgs standard model (2HSM) or the minimal supersymmetri standard
model.
2 The lassial solutions
The Langrangian of our model is
L = 1
2
(∂µφ1)
2 +
1
2
(∂µφ2)
2 − V (φ1, φ2) , µ = 0, 1 (1)
with φ1 and φ2 real Higgs elds and potential of the following form:
V (φ1, φ2) =
1
4
(φ21 + φ
2
2 − 1)2 (2)
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We impose antiperiodi boundary onditions on the salar elds with oordinates
x ∈ [0, 2piL].
φi (x+ 2piL) = −φi (x) , i = 1, 2 (3)
The general stati solution of model (1) an be expressed in terms of Jaobi
ellipti funtions:
φ1 =
√
R cosΩ, φ2 =
√
R sin Ω (4)
R(x) = a1 + a2sn
2(
√
2 Λ(x− x0) , k) (5)
Ω(x) = C
∫ x
ξ
1
R(y)
dy (6)
where C (a1 (k,Λ) , a2 (k,Λ)) ,x0,ξ are onstants while sn denotes the Jaobi el-
lipti funtion; sn(z, k), sn2(z, k) are periodi funtions on the real axis with
periods 4K(k) and 2K(k), respetively. K(k) is the omplete ellipti integral
of the rst kind. Inserting (4)-(6) into the equations orresponding to (1) leads
to several onditions on the parameters and as a onsequene to three dierent
types of non-trivial solutions. We start with the simplest, the trivial solution.
2.1 The trivial solution
The energy funtional for stati ongurations is given by
E =
∫ 2piL
0
dx [
1
2
(
∂φ1
∂x
)2 +
1
2
(
∂φ2
∂x
)2 + V (φ1, φ2)]. (7)
Apart from the vauum solutions whih have Evac = 0, one an immediately
think of the simplest solution, the trivial one
φ1 = φ2 = 0 , E0 =
Lpi
2
(8)
whih exists for all values of L. The orresponding small osillation eigenmodes,
labeled by j, have
ω˜2(j) =
1
L2
( (j + 1/2)2 − L2) , j = 0, 1, 2... (9)
This solution is stable until L = 1/2 beause ω˜2(0) < 0 for L > 1/2. Many
additional solutions, some of whih were disussed in [2,3℄ bifurate from the
solution φ1 = φ2 = 0 at ritial values of L.
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2.2 Three types of non-trivial solutions
Now, we present without many details the three non-trivial solutions and mention
their similarities with those in [1℄. The simplest ase one an think, is to set a2 = 0
so that from (5) we obtain R(x) = a1 and the solution beomes
φ1 =
√
1−
(
N + 1
2
)2
L2
cos
((
N + 1
2
)
x
L
)
(10)
φ2 =
√
1−
(
N + 1
2
)2
L2
sin
((
N + 1
2
)
x
L
)
(11)
where N is an integer. This solution is alled type-I. One an observe that the
above solution redues to (8) when L = N+1/2 i.e. when one of the ω˜ of equation
(9) rosses zero. The Higgs eld winds (2N + 1)/2 times around the top of the
Mexian hat. It's energy is given by
EI (L,N) =
pi
L
(
N +
1
2
)2
− pi
2L3
(
N +
1
2
)4
. (12)
If we denote the above result whih orresponds to the antisymmetri ase we
study here with EAI and the result of [1℄ for the same type of solutions with E
S
I
where S means Symmetri and A Antisymmetri then we notie that
EAI (N ,L) = E
S
I
(
N +
1
2
, L
)
Another hoie is to set a1 = 0 on (5) so the solution now involves the Jaobi
ellipti funtions. C beomes zero as well and the solution is
φ1 = 2kΛsn
(√
2Λx,k
)
, φ2 = 0 , Λ
2 =
1
2 (1 + k2)
(13)
This solution is alled type-II. In fat, it orresponds to an osillation of the Higgs
eld in the φ2 = 0 plane about the origin φ1 = 0 = φ2. If we take aount of the
antiperiodiity ondition (3), then the argument k of the Jaobi ellipti funtion
is related to the radius L of S1 through the following formula
3
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Figure 1. The solutions of equations (21) and (22) are plotted as functions of  k2 for two values of  (n,m).
The dashed curve indicates the limit (20).
m=7 , n=4
m=1 , n=1
L =
(2m+ 1)K(k)
pi
√
1 + k2 (14)
for some integer m. When we reah the limit of k → 0 (i.e. L → m + 1
2
) the
solution (13) approahes (8). The energy of the solution above is given by the
integral
EII =
4 (2m+ 1)√
2Λ (1 + k2)2
∫ K(k)
0
dy
[(
k2sn2 (y, k)− 1 + k
2
2
)2
+
2k2 − 1− k4
8
]
(15)
and by means of Ellipti integrals it beomes
EII =
4 (2m+ 1)√
2Λ (1 + k2)2
[
K(k)
24
(
3k4 + 2k2 − 5)+ E(k)
3
(
k2 + 1
)]
Two spei values of k with the orresponding results follow
for k = 0
EII (L = m+ 1/2, m) =
(2m+ 1)pi
4
(16)
4
for k = 1
EII (L =∞, m) = 4 (2m+ 1)
3
√
2
(17)
The omparison of EAII whih represents our solutions, with E
S
II whih represents
the symmetri ase of the same type of solutions studied in [1℄, implies that
EAII(m) = E
S
II(m+
1
2
)
If none of a1, a2 are zero then we are led to type-III solutions where we have
the following onditions for a1, a2 and C
2
a1 =
2
3
(
1− 2Λ2 (1 + k2)) , a2 = 4k2Λ2 (18)
C2 =
4
27
(
1 +
(
4k2 − 2)Λ2) (1 + (4− 2k2)Λ2) (1− 2Λ2 (1 + k2))
=
2
9
(
1 +
(
4k2 − 2)Λ2) (1 + (4− 2k2)Λ2) a1 (19)
Here, one an expliitly observe the fat that when a1 = 0 then C
2 = 0 as
well. In addition, R and C2 must not be negative. This means another ondition
Λ2 ≤ 1
2 (1 + k2)
(20)
with the equality leading to type-II solutions.
In order for Ω to satisfy Ω (x+ 2piL) = Ω (x) +pi and R to be periodi (so for
the solution to be antiperiodi as we want) on [0, 2piL] the following equations
must hold:
C
∫ 2piL
0
1
R(y)
dy = (2n+ 1)pi (21)
L =
(2m+ 1)K(k)√
2piΛ
(22)
where m,n are positive integers whih respetively determine the number of os-
illations of the modulus of the Higgs eld and the number of the Higgs eld
windings around the origin φ1 = 0 = φ2 in a period 2piL.
Now we return to (18) and (19) and analyze further type-III solutions. Solving
these equations for k = 0, remembering that K(0) = pi/2, we nd the ritial
values of L where these solutions start to exist:
Λ2 =
m2
6 (2n+ 1)2 − 4m2 ⇒ L
2 =
3
4
(2n+ 1)2 − m
2
2
(23)
5
The expression for Λ2 together with (20) leads to the ondition 2n + 1 > m on
the integers m and n (m and n 6= 0) . For any n and m 6= 2n+ 1 the oeient
of sn2 in the integral
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Figure 2. The energies of some of the solutions are plotted as functions of the parameter L. The four stars
on the upper branch indicate the four bifurcation points on the N=2 type-I solution. The two lower stars
indicate the two bifurcation points on the N=1 type-I solution. The two numbers in parentheses refer to the
number of negative and zero modes of the corresponding solution.
I , N=0
(6) is proportional to k2 and if one expands the solution in powers of k2 is led
to the following formulae
Λ2 =
m2
6 (2n + 1)2 − 4m2
(
1 +
k2
2
)
+O (k4) (24)
L2 =
3
4
(2n + 1)2 − m
2
2
+O (k4) (25)
C2 =
4
3
(
(2n+ 1)2 −m2)2 (2n+ 1)2(
3 (2n + 1)2 − 2m2)3 +O
(
k4
)
. (26)
This expansion is neessary as there is no losed form for integral (21). In the
limit k = 0 we observe that the 2n solutions of type-III yield the type-I solution
with N = n + 1/2 at L2 = (3/4) (2n+ 1)2 −m2/2 , where m = 1, 2, ..., 2n. For
xed values of k, n, m we nd a single solution Λ2 (k, (2n+ 1) /m) obeying the
6
following properties
Λ2 (k = 0, (2n+ 1) /m) =
m2
6 (2n+ 1)2 − 4m2 , Λ
2 (k = 1, (2n + 1) /m) = 1/4
(27)
This is illustrated in gure 1 for two dierent values of the pair (n,m) by the
solid urves, the dashed urve representing the limit (20).
The energy of the general type-III solution is given by the integral
EIII =
2m+ 1√
2 Λ
·
∫ K(k)
0
dy
[(
a1 − 1 + a2sn2(y, k)
)2
+
1
6
(
1 + 16Λ4
(
k2 − 1− k4))] (28)
whih, by means of K(k), E(k) beomes
EIII =
2m+ 1√
2 Λ
[
K(k)
(
8
9
Λ2k2
(
1 + Λ2 − Λ2k2)− 8
9
Λ2
(
2 + Λ2
)
+
5
18
)
+
8
3
Λ2E(k)
]
For k = 1 one obtains
EIII (1, m, n) =
4 (2m+ 1)
3
√
2
= EII (1, m) . (29)
This shows that solution III approahes solution II in the limit k → 1, a fat
whih also appears in [1℄ .
The energies of the solutions of some low-lying branhes are presented in gure
2 as funtions of L . For L > 5/2 all four types of solutions oexist and satisfy
EI (L,N = 0) < EI (L,N = 1) < EIII (L,m = 1, n = 1) < EII (L,m = 1) < E0 (L) .
(30)
The four stars on the upper part of the gure show the position of the four
bifuration points L = 3.279, 3.775, 4.093, 4.272 of the n = 2, m = 3, 2, 1, 0
solutions respetively from the N = 2 type-I solution. The two lower stars
show the bifuration values (L = 2.179, 2.5) of the n = 1, m = 2, 1 solutions
respetively from the N = 1 type-I solution.
3 Stability Analysis
3.1 Type-I solutions
In order to analyze the stability of type-I solutions we follow the steps done in
[1℄ whih uses notions that an be found in [10℄ and [15℄. Thus perturbing the
7
elds φa , a = 1, 2 around the lassial solution (10)-(11), denoted here by φ
cl
a ,
φa (x) = φ
cl
a (x) + ηa (x) exp (−iωt) (31)
we are led to the following equation for the normal modes:
A
(
N˜ , L
)(
η1
η2
)
= ω2
(
η1
η2
)
(32)
A
(
N˜ , L
)
≡ − d
2
dx2
+ 2

1−
(
N˜
L
)2( c2 sc
sc s2
)
−
(
N˜
L
)2
(33)
where ω2 is the eigenvalue and c = cos
(
N˜x/L
)
, s = sin
(
N˜x/L
)
, N+1/2 ≡ N˜ .
The omplete list of eigenvalues of the operator A
(
N˜ , L
)
for N˜ ≥ 1 an be
obtained by lassifying its invariant subspaes. This an be done by using the
Fourier deomposition. Type-I solution has a twisted translational invariane and
one an hek that for an integer n ≥ N˜ the following nite-dimensional vetor
spaes
1
are preserved by A
(
N˜, L
)
Vn = Span
{
ap cos
px
L
, βp sin
px
L
, p− n = 0
(
mod2N˜
)
, |p| ≤ n
}
, (34)
V˜n = Span
{
ap cos
px
L
, −βp sin px
L
, p− n = 0
(
mod2N˜
)
, |p| ≤ n
}
(35)
under the following ondition
ap = βp if p− n+ 2N˜ > 0 (36)
where ap , βp are arbitrary onstants. The operator A
(
N˜, L
)
an then be diag-
onalized on eah of the nite-dimensional vetor spaes above, leading to a set of
algebrai equations.
To be more spei, dene λ1 ≡ 2 (1− λ2), λ2 ≡
(
N˜/L
)2
. Also, onsider the
vetor
(
VN˜+k
VN˜−k
)
with VN˜+k ≡

 cos
(
N˜+k
L
)
x
sin
(
N˜+k
L
)
x

 , VN˜−k ≡

 cos
(
N˜−k
L
)
x
sin
(
N˜−k
L
)
x


1
These vetor spaes should have been the same as in (34) of [1℄ (with N → N˜) but they
are not, due to a misprint in [1℄. Here we orret this by writing these spaes expliitly in
equations (34) and (35).
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Ating with the operator A
(
N˜ , L
)
on one of the above vetors (say VN˜+k) we
have the following steps:{
− d
2
dx2
+
λ1
2
(
2c2 2sc
2sc 2s2
)
− λ2 − ω2
}
VN˜+k = 0 ⇒
0 1 2 3 4
L
-4
-2
0
2
4
ω
2
2
2
4
1
4
2
1
2
2
Figure 3. The values (9) are plotted as functions of L for j=0,1,2 (solid curves), together with the values
ω1
2(1,1,−1), ω2
2(1,0,−1), ω3
2(1,0,1), ω4
2(1,2,−1), ω5
2(1,1,1), ω6
2(1,3,−1) of (37) (dashed and dotted curves).
The numbers indicate the multiplicity of the eigenvalues.
ω5
ω3
ω6
ω4ω2
ω1
⇒
{
− d
2
dx2
+
λ1
2
1− λ2 − ω2 + λ1
2
M
}
VN˜+k = 0 .
Where 1 is the 2× 2 unit matrix and
M ≡

 cos
(
2N˜x
L
)
sin
(
2N˜x
L
)
sin
(
2N˜x
L
)
− cos
(
2N˜x
L
)


whih has the ation
MVN˜+k = VN˜−k .
The same happens if we hoose VN˜−k instead. In that ase, the equation above
is MVN˜−k = VN˜+k as expeted. A matrix whih has exatly the same ation as
above an be found easily and this is
(
0 λ1/2
λ1/2 0
)
. Finally, we observe that
9


(
N˜+k
L
)2
+ λ1
2
− λ2 − ω2 λ12
λ1
2
(
N˜−k
L
)2
+ λ1
2
− λ2 − ω2

VN˜+k = 0
whih implies the ondition that the determinant of the above matrix must be
zero in order to aquire the non-zero eigenvalues.
The eigenvalues of A
(
N˜, L
)
on Vn are
ω2 (N, k,±1) = 1
L2
[
L2 −
(
N +
1
2
)2
+ k2
]
± 1
L2
√√√√(L2 − (N + 1
2
)2)2
+ 4k2
(
N +
1
2
)2
(37)
for k = 0, 1, 2, ... and similarly on V˜n for k = 1, 2, 3, ... . Notie that if we replae
N + 1/2 by N˜ then the above result is the same with eq.(36) of [1℄.
For N having a spei value and L slightly greater than N , the solution
(10)-(11) possess 4N negative modes orresponding to k = 1, 2, 3, ..., 2N in (37)
(minus sign). When L inreases, the number of positive eigenmodes inreases as
well
L2 =
3
4
(2N + 1)2 − m
2
2
, m = 1, 2, ..., 2N, (38)
i.e. (f(23)) at those values of L where the solutions of type-III with n = N
bifurate from the solution of type-I. For
L2 ≥ L2cr (N) ≡
3
4
(2N + 1)2 − 1
2
(39)
all the modes are positive and (10)-(11) are lassially stable solitons. These re-
sults are illustrated in gure 2 for N = 1 and N = 2. The numbers in parentheses
represent the number of negative and zero modes of the orresponding branh.
3.2 Type-II and Type-III solutions
The equations for the utuations about the solution (13) deouple to take the
form of Lame equations:{
− d
2
dy2
+ 6k2sn2 (y, k)
}
η1 = Ω
2
1η1 (40)
{
− d
2
dy2
+ 2k2sn2 (y, k)
}
η2 = Ω
2
2η2 (41)
10
where
x =
√
1 + k2 y , Ω2a ≡
(
ω2a + 1
) (
k2 + 1
)
, a = 1, 2 (42)
and ω2a is the eetive eigenvalue of the relevant operator. Equations (40) and (41)
admit two and one algebrai modes, respetively, with orresponding eigenvalues
Ω21 : 4 + k
2 , 1 + 4k2 and Ω22 : 1 + k
2
(43)
The orresponding values of ω2 follow immediately from (42); they have signature
(+,+) and (0), respetively.
It's a property of the Lame equation that the solutions determined alge-
braially orrespond to the solutions of the lowest eigenvalues. The remaining
part of the spetrum therefore onsists of positive eigenvalues. The spetrum of
the equation (40) was studied perturbatively in [9℄, while the relation between
the Lame equation and the Manton-Samols sphalerons was rst pointed out in
[11-13℄.
Conerning the stability equation of type-III solution, it seems to be more
diult to deal with as the presene of the Jaobi Ellipti funtions prevent us
from having an analyti expression for Ω(x) in (4). Thus, we are not able to
follow the steps done in the ase of type-I solutions (i.e. nd the M matrix)
where trigonometri funtions are easier to handle. Detailed analysis espeially
for the ase of Lame equations an be found in [12℄ and [15℄.
4 Conlusion
A detailed analytial study of the stati solutions of the Goldstone model on a
irle has been given in [1℄ and we followed the same path here for our boundary
onditions. Many results of [1℄ are onneted with ours by a simple hange
on variables used. We write them expliitly above whenever is neessary. We
also note our eort to impose mixed boundary onditions as well. Speially,
we enfored φ1 to be antiperiodi and φ2 periodi but there was no solution to
satisfy this hoie so it's needless to extend beyond this small remark here.
Many details were presented on the stability analysis on setion 3 for the
solutions found. Classially stable solitons were identied, together with the
range of the parameter L for whih they are stable.
This simpler model we present here and many others an be onneted and
an also give us the experiene to deal with realisti (3+1)-dimensional partile
physis models in our searh for possible metastable loalized solitons. Ref. [1℄
on whih this note was based, has onnetions with [9℄ and [10℄ as it onerns
the branhes of their solutions, also with [2-6℄, while there are also interesting
physial appliations [14℄ as it is already mentioned in [1℄. Soliton solutions
in (3+1)-dimensional models with antiperiodi boundary ondition imposed on
11
one spatial dimension, whih is ompatied on S1, is analyzed in [16-18℄ where
supersymmetry breaking is found.
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Department of Physi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Greee
Abstrat
Our purpose is to present all stati solutions of the Goldstone model on a irle
in 1+1 dimensions with an antiperiodiity ondition imposed on the salar elds.
Jaobi ellipti and standard trigonometri funtions are used to express the solutions
found and stability analysis of the latter is what follows. Classially stable quasi-
topologial solitons are identied.
1 Introdution
The purpose of this note is to present the omplete list of stati lassial solutions of the
Goldstone model on a irle S
1
of radius L and the orresponding bifuration tree together
with a study of the stability of our solutions. It omes as a supplement to a previous
note [1℄ whih was searhing for suh solutions but with periodiity ondition imposed
there. Many of the results have obvious similarities with those in [1℄. We notie those
and make omparisons with this referene. We also hek the ase of mixed boundary
onditions and plae a note with our onlusions in the end. The following analysis
has both mathematial [8℄ and physial interest as it an be useful for the searh of
stable solitons in the two-Higgs standard model (2HSM) or the minimal supersymmetri
standard model.
2 The lassial solutions
The Langrangian of our model is
L =
1
2
(


1
)
2
+
1
2
(


2
)
2
  V (
1
; 
2
) ;  = 0; 1 (1)
with 
1
and 
2
real Higgs elds and potential of the following form:
V (
1
; 
2
) =
1
4
(
2
1
+ 
2
2
  1)
2
(2)
We impose antiperiodi boundary onditions on the salar elds with oordinates x 2
[0; 2L℄:
1
i
(x+ 2L) =  
i
(x) ; i = 1; 2 (3)
The general stati solution of model (1) an be expressed in terms of Jaobi ellipti
funtions:

1
=
p
R os
; 
2
=
p
R sin 
 (4)
R(x) = a
1
+ a
2
sn
2
(
p
2 (x  x
0
) ; k) (5)

(x) = C
Z
x

1
R(y)
dy (6)
whereC (a
1
(k;) ; a
2
(k;)) ;x
0
; are onstants while sn denotes the Jaobi ellipti fun-
tion; sn(z; k); sn
2
(z; k) are periodi funtions on the real axis with periods 4K(k) and
2K(k), respetively. K(k) is the omplete ellipti integral of the rst kind. Inserting (4)-
(6) into the equations orresponding to (1) leads to several onditions on the parameters
and as a onsequene to three dierent types of non-trivial solutions. We start with the
simplest, the trivial solution.
2.1 The trivial solution
The energy funtional for stati ongurations is given by
E =
Z
2L
0
dx [
1
2
(

1
x
)
2
+
1
2
(

2
x
)
2
+ V (
1
; 
2
)℄: (7)
Apart from the vauum solutions whih have E
va
= 0, one an immediately think of the
simplest solution, the trivial one

1
= 
2
= 0 ; E
0
=
L
2
(8)
whih exists for all values of L. The orresponding small osillation eigenmodes, labeled
by j, have
~!
2
(j) =
1
L
2
( (j + 1=2)
2
  L
2
) ; j = 0; 1; 2::: (9)
This solution is stable until L = 1=2 beause ~!
2
(0) < 0 for L > 1=2. Many additional
solutions, some of whih were disussed in [2,3℄ bifurate from the solution 
1
= 
2
= 0
at ritial values of L.
2
2.2 Three types of non-trivial solutions
Now, we present without many details the three non-trivial solutions and mention their
similarities with those in [1℄. The simplest ase one an think, is to set a
2
= 0 so that
from (5) we obtain R(x) = a
1
and the solution beomes

1
=
s
1 
 
N +
1
2

2
L
2
os
 
 
N +
1
2

x
L
!
(10)

2
=
s
1  
 
N +
1
2

2
L
2
sin
 
 
N +
1
2

x
L
!
(11)
where N is an integer. This solution is alled type-I. One an observe that the above
solution redues to (8) when L = N + 1=2 i.e. when one of the ~! of equation (9) rosses
zero. The Higgs eld winds (2N + 1)=2 times around the top of the Mexian hat. It's
energy is given by
E
I
(L;N) =

L

N +
1
2

2
 

2L
3

N +
1
2

4
: (12)
If we denote the above result whih orresponds to the antisymmetri ase we study here
with E
A
I
and the result of [1℄ for the same type of solutions with E
S
I
where S means
Symmetri and A Antisymmetri then we notie that
E
A
I
(N ;L) = E
S
I

N +
1
2
; L

Another hoie is to set a
1
= 0 on (5) so the solution now involves the Jaobi ellipti
funtions. C beomes zero as well and the solution is

1
= 2ksn

p
2x;k

; 
2
= 0 ; 
2
=
1
2 (1 + k
2
)
(13)
This solution is alled type-II. In fat, it orresponds to an osillation of the Higgs eld in
the 
2
= 0 plane about the origin 
1
= 0 = 
2
. If we take aount of the antiperiodiity
ondition (3), then the argument k of the Jaobi ellipti funtion is related to the radius
L of S
1
through the following formula
3
0 0.2 0.4 0.6 0.8 1
k2
0
0.1
0.2
0.3
0.4
0.5
Λ
2
Figure 1. The solutions of equations (21) and (22) are plotted as functions of  k2 for two values of  (n,m).
The dashed curve indicates the limit (20).
m=7 , n=4
m=1 , n=1
L =
(2m+ 1)K(k)

p
1 + k
2
(14)
for some integer m. When we reah the limit of k ! 0 (i.e. L ! m +
1
2
) the solution
(13) approahes (8). The energy of the solution above is given by the integral
E
II
=
4 (2m+ 1)
p
2 (1 + k
2
)
2
Z
K(k)
0
dy
"

k
2
sn
2
(y; k) 
1 + k
2
2

2
+
2k
2
  1  k
4
8
#
(15)
and by means of Ellipti integrals it beomes
E
II
=
4 (2m+ 1)
p
2 (1 + k
2
)
2

K(k)
24
 
3k
4
+ 2k
2
  5

+
E(k)
3
 
k
2
+ 1


Two spei values of k with the orresponding results follow
for k = 0
E
II
(L = m+ 1=2;m) =
(2m+ 1) 
4
(16)
for k = 1
E
II
(L =1;m) =
4 (2m+ 1)
3
p
2
(17)
4
The omparison of E
A
II
whih represents our solutions, with E
S
II
whih represents the
symmetri ase of the same type of solutions studied in [1℄, implies that
E
A
II
(m) = E
S
II
(m+
1
2
)
If none of a
1
; a
2
are zero then we are led to type-III solutions where we have the
following onditions for a
1
; a
2
and C
2
a
1
=
2
3
 
1   2
2
 
1 + k
2

; a
2
= 4k
2

2
(18)
C
2
=
4
27
 
1 +
 
4k
2
  2


2
  
1 +
 
4  2k
2


2
  
1  2
2
 
1 + k
2

=
2
9
 
1 +
 
4k
2
  2


2
  
1 +
 
4   2k
2


2

a
1
(19)
Here, one an expliitly observe the fat that when a
1
= 0 then C
2
= 0 as well. In
addition, R and C
2
must not be negative. This means another ondition

2

1
2 (1 + k
2
)
(20)
with the equality leading to type-II solutions.
In order for 
 to satisfy 
(x+ 2L) = 
 (x) +  and R to be periodi (so for the
solution to be antiperiodi as we want) on [0; 2L℄ the following equations must hold:
C
Z
2L
0
1
R(y)
dy = (2n + 1) (21)
L =
(2m+ 1)K(k)
p
2
(22)
where m;n are positive integers whih respetively determine the number of osillations
of the modulus of the Higgs eld and the number of the Higgs eld windings around the
origin 
1
= 0 = 
2
in a period 2L.
Now we return to (18) and (19) and analyze further type-III solutions. Solving these
equations for k = 0, remembering that K(0) = =2, we nd the ritial values of L where
these solutions start to exist:

2
=
m
2
6 (2n+ 1)
2
  4m
2
) L
2
=
3
4
(2n+ 1)
2
 
m
2
2
(23)
The expression for 
2
together with (20) leads to the ondition 2n+1 > m on the integers
m and n (m and n 6= 0) . For any n and m 6= 2n+1 the oeient of sn
2
in the integral
5
0 1 2 3 4 5
L
0
1
2
3
4
5
2E
 / 
pi *
*
* *
*
*
(2,0)
(6,0)
(10,0)
(4,1) (2,1)
(0,1)
(3,2)
(8,1) (6,1) (4,1) (2,1) (0,1)
I , N=2
II , N=1
III , n=m=1
I , N=1
Figure 2. The energies of some of the solutions are plotted as functions of the parameter L. The four stars
on the upper branch indicate the four bifurcation points on the N=2 type-I solution. The two lower stars
indicate the two bifurcation points on the N=1 type-I solution. The two numbers in parentheses refer to the
number of negative and zero modes of the corresponding solution.
I , N=0
(6) is proportional to k
2
and if one expands the solution in powers of k
2
is led to the
following formulae

2
=
m
2
6 (2n + 1)
2
  4m
2

1 +
k
2
2

+O
 
k
4

(24)
L
2
=
3
4
(2n + 1)
2
 
m
2
2
+O
 
k
4

(25)
C
2
=
4
3
 
(2n + 1)
2
 m
2

2
(2n + 1)
2
 
3 (2n + 1)
2
  2m
2

3
+O
 
k
4

: (26)
This expansion is neessary as there is no losed form for integral (21). In the limit k = 0
we observe that the 2n solutions of type-III yield the type-I solution with N = n + 1=2
at L
2
= (3=4) (2n + 1)
2
 m
2
=2 , where m = 1; 2; :::; 2n. For xed values of k; n; m we
nd a single solution 
2
(k; (2n + 1) =m) obeying the following properties

2
(k = 0; (2n + 1) =m) =
m
2
6 (2n+ 1)
2
  4m
2
; 
2
(k = 1; (2n + 1) =m) = 1=4 (27)
This is illustrated in gure 1 for two dierent values of the pair (n;m) by the solid urves,
the dashed urve representing the limit (20).
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The energy of the general type-III solution is given by the integral
E
III
=
2m+ 1
p
2 

Z
K(k)
0
dy

 
a
1
  1 + a
2
sn
2
(y; k)

2
+
1
6
 
1 + 16
4
 
k
2
  1   k
4


(28)
whih, by means of K(k); E(k) beomes
E
III
=
2m+ 1
p
2 

K(k)

8
9

2
k
2
 
1 + 
2
  
2
k
2

 
8
9

2
 
2 + 
2

+
5
18

+
8
3

2
E(k)

For k = 1 one obtains
E
III
(1;m; n) =
4 (2m+ 1)
3
p
2
= E
II
(1;m) : (29)
This shows that solution III approahes solution II in the limit k ! 1, a fat whih also
appears in [1℄ .
The energies of the solutions of some low-lying branhes are presented in gure 2 as
funtions of L . For L > 5=2 all four types of solutions oexist and satisfy
E
I
(L;N = 0) < E
I
(L;N = 1) < E
III
(L;m = 1; n = 1) < E
II
(L;m = 1) < E
0
(L) :
(30)
The four stars on the upper part of the gure show the position of the four bifura-
tion points L = 3:279; 3:775; 4:093; 4:272 of the n = 2; m = 3; 2; 1; 0 solutions respe-
tively from the N = 2 type-I solution. The two lower stars show the bifuration values
(L = 2:179; 2:5) of the n = 1; m = 2; 1 solutions respetively from the N = 1 type-I
solution.
3 Stability Analysis
3.1 Type-I solutions
In order to analyze the stability of type-I solutions we follow the steps done in [1℄ whih
uses notions that an be found in [10℄ and [15℄. Thus perturbing the elds 
a
; a = 1; 2
around the lassial solution (10)-(11), denoted here by 
l
a
,

a
(x) = 
l
a
(x) + 
a
(x) exp ( i!t) (31)
we are led to the following equation for the normal modes:
A

~
N;L



1

2

= !
2


1

2

(32)
7
A
~
N;L

  
d
2
dx
2
+ 2
0

1 
 
~
N
L
!
2
1
A


2
s
s s
2

 
 
~
N
L
!
2
(33)
where !
2
is the eigenvalue and  = os

~
Nx=L

, s = sin

~
Nx=L

, N + 1=2 
~
N .
The omplete list of eigenvalues of the operator A

~
N;L

for
~
N  1 an be obtained
by lassifying its invariant subspaes. This an be done by using the Fourier deomposi-
tion. Type-I solution has a twisted translational invariane and one an hek that for an
integer n 
~
N the following nite-dimensional vetor spaes
1
are preserved by A

~
N;L

V
n
= Span
n
a
p
os
px
L
; 
p
sin
px
L
; p  n = 0

mod2
~
N

; jpj  n
o
; (34)
~
V
n
= Span
n
a
p
os
px
L
;  
p
sin
px
L
; p  n = 0

mod2
~
N

; jpj  n
o
(35)
under the following ondition
a
p
= 
p
if p   n + 2
~
N > 0 (36)
where a
p
, 
p
are arbitrary onstants. The operator A

~
N;L

an then be diagonalized on
eah of the nite-dimensional vetor spaes above, leading to a set of algebrai equations.
To be more spei, dene 
1
 2 (1   
2
), 
2


~
N=L

2
. Also, onsider the vetor

V
~
N+k
V
~
N k

with V
~
N+k

0

os

~
N+k
L

x
sin

~
N+k
L

x
1
A
; V
~
N k

0

os

~
N k
L

x
sin

~
N k
L

x
1
A
Ating with the operator A

~
N;L

on one of the above vetors (say V
~
N+k
) we have the
following steps:

 
d
2
dx
2
+

1
2

2
2
2s
2s 2s
2

  
2
  !
2

V
~
N+k
= 0 )
1
These vetor spaes should have been the same as in (34) of [1℄ (with N !
~
N ) but they are not, due
to a misprint in [1℄. Here we orret this by writing these spaes expliitly in equations (34) and (35).
8
0 1 2 3 4
L
-4
-2
0
2
4
ω
2
2
2
4
1
4
2
1
2
2
Figure 3. The values (9) are plotted as functions of L for j=0,1,2 (solid curves), together with the values
ω1
2(1,1,−1), ω2
2(1,0,−1), ω3
2(1,0,1), ω4
2(1,2,−1), ω5
2(1,1,1), ω6
2(1,3,−1) of (37) (dashed and dotted curves).
The numbers indicate the multiplicity of the eigenvalues.
ω5
ω3
ω6
ω4ω2
ω1
)

 
d
2
dx
2
+

1
2
1  
2
  !
2
+

1
2
M

V
~
N+k
= 0 :
Where 1 is the 2  2 unit matrix and
M 
0

os

2
~
Nx
L

sin

2
~
Nx
L

sin

2
~
Nx
L

  os

2
~
Nx
L

1
A
whih has the ation
MV
~
N+k
= V
~
N k
:
The same happens if we hoose V
~
N k
instead. In that ase, the equation above is
MV
~
N k
= V
~
N+k
as expeted. A matrix whih has exatly the same ation as above
an be found easily and this is

0 
1
=2

1
=2 0

. Finally, we observe that
0


~
N+k
L

2
+

1
2
  
2
  !
2

1
2

1
2

~
N k
L

2
+

1
2
  
2
  !
2
1
A
V
~
N+k
= 0
whih implies the ondition that the determinant of the above matrix must be zero in
order to aquire the non-zero eigenvalues.
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The eigenvalues of A

~
N;L

on V
n
are
!
2
(N; k;1) =
1
L
2
"
L
2
 

N +
1
2

2
+ k
2
#

1
L
2
v
u
u
t
 
L
2
 

N +
1
2

2
!
2
+ 4k
2

N +
1
2

2
(37)
for k = 0; 1; 2; ::: and similarly on
~
V
n
for k = 1; 2; 3; ::: . Notie that if we replae N +1=2
by
~
N then the above result is the same with eq.(36) of [1℄.
For N having a spei value and L slightly greater than N , the solution (10)-(11)
possess 4N negative modes orresponding to k = 1; 2; 3; :::; 2N in (37) (minus sign).
When L inreases, the number of positive eigenmodes inreases as well
L
2
=
3
4
(2N + 1)
2
 
m
2
2
; m = 1; 2; :::; 2N; (38)
i.e. (f(23)) at those values of L where the solutions of type-III with n = N bifurate
from the solution of type-I. For
L
2
 L
2
r
(N) 
3
4
(2N + 1)
2
 
1
2
(39)
all the modes are positive and (10)-(11) are lassially stable solitons. These results are
illustrated in gure 2 for N = 1 and N = 2. The numbers in parentheses represent the
number of negative and zero modes of the orresponding branh.
3.2 Type-II and Type-III solutions
The equations for the utuations about the solution (13) deouple to take the form of
Lame equations:

 
d
2
dy
2
+ 6k
2
sn
2
(y; k)


1
= 

2
1

1
(40)

 
d
2
dy
2
+ 2k
2
sn
2
(y; k)


2
= 

2
2

2
(41)
where
x =
p
1 + k
2
y ; 

2
a

 
!
2
a
+ 1
  
k
2
+ 1

; a = 1; 2 (42)
and !
2
a
is the eetive eigenvalue of the relevant operator. Equations (40) and (41) admit
two and one algebrai modes, respetively, with orresponding eigenvalues
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2
1
: 4 + k
2
; 1 + 4k
2
and 

2
2
: 1 + k
2
(43)
The orresponding values of !
2
follow immediately from (42); they have signature (+,+)
and (0), respetively.
It's a property of the Lame equation that the solutions determined algebraially or-
respond to the solutions of the lowest eigenvalues. The remaining part of the spetrum
therefore onsists of positive eigenvalues. The spetrum of the equation (40) was studied
perturbatively in [9℄, while the relation between the Lame equation and the Manton-
Samols sphalerons was rst pointed out in [11-13℄.
Conerning the stability equation of type-III solution, it seems to be more diult
to deal with as the presene of the Jaobi Ellipti funtions prevent us from having an
analyti expression for 
(x) in (4). Thus, we are not able to follow the steps done in the
ase of type-I solutions (i.e. nd the M matrix) where trigonometri funtions are easier
to handle. Detailed analysis espeially for the ase of Lame equations an be found in
[12℄ and [15℄.
4 Conlusion
A detailed analytial study of the stati solutions of the Goldstone model on a irle
has been given in [1℄ and we followed the same path here for our boundary onditions.
Many results of [1℄ are onneted with ours by a simple hange on variables used. We
write them expliitly above whenever is neessary. We also note our eort to impose
mixed boundary onditions as well. Speially, we enfored 
1
to be antiperiodi and 
2
periodi but there was no solution to satisfy this hoie so it's needless to extend beyond
this small remark here.
Many details were presented on the stability analysis on setion 3 for the solutions
found. Classially stable solitons were identied, together with the range of the parameter
L for whih they are stable.
This simpler model we present here and many others an be onneted and an also
give us the experiene to deal with realisti (3+1)-dimensional partile physis models in
our searh for possible metastable loalized solitons. Ref. [1℄ on whih this note was based,
has onnetions with [9℄ and [10℄ as it onerns the branhes of their solutions, also with
[2-6℄, while there are also interesting physial appliations [14℄ as it is already mentioned in
[1℄. Soliton solutions in (3+1)-dimensional models with antiperiodi boundary ondition
imposed on one spatial dimension, whih is ompatied on S
1
, is analyzed in [16-18℄
where supersymmetry breaking is found.
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